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Abstract 

The Plaque Inverse Limit of a branched covering self-map of a Rie- 
mann surface was introduced and studied in [lj. A point x of P.I.L. was 
called regular if P.I.L. has the natural Riemann Surface structure at x and 
was called irregular otherwise. The notion of the signature sign(x, c) of x 
with respect to a critical point c, which was shown to be a local invariant 
of P.I.L. was introduced and developed. It was shown that sign(x, c) is 
nontrivial for some critical points c if and only if x is an irregular point. 

It was shown that the local topology of P.I.L. at an irregular point x has 
a property, that removing x from any its neighborhood breaks some path- 
connected component of that neighborhood into an uncountable number 
of path-connected components. Finally, various signatures, including sig¬ 
natures of the invariant lifts of super-attracting and attracting cycles and 
certain signatures of the invariant lift of a parabolic cycle, were computed. 

All these signatures had a maximal element. 

In this work we show that the local topology of P.I.L. at irregular points 
with different types of signatures is different. Namely, we prove that the 
local topology at an irregular point x has a property, that for any neigh¬ 
borhood V of x and for some point y ^ x in V, the open set V — {y} 
consists of uncountable number of path-connected components, if and only 
if the signature sign(x,c ), for some critical point c, has no maximal el¬ 
ement. Next, for a polynomial functions, we compute the signature of 
the invariant lift of a parabolic cycle with respect to a certain recurrent 
critical point. This signature, unlike the cases studied in [Tj, has no maxi¬ 
mal element. We show that all other irregular points, except the invariant 
lifts of super-attracting, attracting, and parabolic cycles, have no maximal 
element with respect to some recurrent critical point. 

Keywords: Inverse limit, Riemann surface lamination, holomorphic dy¬ 
namics, branched covering, local topology, irregular point, signature. 


1 Introduction. 

Inverse limits of iterations of branched self-coverings were introduced and stud¬ 
ied in literature since the late 1920s. The most famous classical examples of 
such inverse limits are the d-adic solenoids, which are defined as the inverse 
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limits of the iterates of the d-fold covering self-map f(z) = z d (where d > 1) 
of the unit circle S 1 . These inverse limits are compact, metrizable topological 
spaces that are connected, but neither locally connected nor path connected. 
Solenoids were first introduced by L. Vietoris in 1927 for d = 2 (see [12]) and 
later in 1930 by van Dantzig for an arbitrary d (see [3]). 

In 1992 D. Sullivan (see m) introduced Riemann surface laminations, which 
arise when taking inverse limits in dynamics. A Riemann surface lamination 
is locally the product of a complex disk and a Cantor set. In particular, D. 
Sullivan associates such lamination to any smooth, expanding self-maps of the 
circle S' 1 , with the maps f(z) = z d being examples of such maps. 

In 1997 M. Lyubich and Y. Minsky (see 0) and, in parallel, M. Su (see BD3) 
formalized the theory of Riemann surface laminations associated with dynam¬ 
ics of rational self-maps of the Riemann sphere. They start by considering the 
standard (Tychonoff) inverse limit of the iterations of a rational self-map of the 
Riemann sphere, which are regarded as just iterations of a continuous branched 
covering self-map of a Hausdorff topological space. Next, they introduce the 
notion of a regular point — a point of the inverse limit is called regular if the 
pull-back of some open neighborhood of its first coordinate along that point 
eventually becomes univalent. Otherwise, a point is called irregular. They call 
the set of all regular points of the inverse limit, which is the inverse limit with 
all the irregular points removed, “the regular set”. The Riemann surface lam¬ 
ination, which they associate with a holomorphic dynamical system, in many 
cases, is just the regular set. In general, certain modifications are performed to 
the regular set, in order to satisfy the requirement, that the conformal structure 
on the leaves of the Riemann surface lamination is continuous along the fiber of 
the lamination. For the details of Lyubich-Minsky’s definition and construction 
of the Riemann surface lamination, which are somewhat elaborate, we refer to 

la¬ 
in 2014 C. Cabrera, C. Cherif and A. Goldstein (see 0) introduced and stud¬ 
ied plaque inverse limits of the iterations of a branched covering self-map of a 
simply-connected Riemann surface. Plaque inverse limit is the inverse limit in 
the category of locally-connected Hausdorff topological spaces and continuous 
open maps. The open neighborhoods of a point in a plaque inverse limit, which 
constitute a local basis for its topology, are the pull-backs of the open neighbor¬ 
hoods of the first coordinate of this point along the point. The notions of regular 
and, by complement, irregular points for a plaque inverse limit are defined just 
like in the Lyubich-Minsky theory. Cabrera, Cherif and Goldstein show that for 
every irregular point x , there exists an open neighborhood 17, such that for any 
open neighborhood V C U of x, deleting x from V breaks some path-connected 
component of V into an uncountable number of path-connected components. 
Thus, a plaque inverse limit does not have a manifold structure at the irreg¬ 
ular points. Next, they introduce the notion of the signature cr-lattice, which 
is a cr-lattice of totally ordered sets of equivalence classes of binary sequences. 
With each point x of the plaque inverse limit and each critical point c of / they 
associate and element sign{x, c) in the signature cr-lattice, which is called the 
signature of x with respect to c. Cabrera, Cherif and Goldstein proved that 
sign(x , c) is a local invariant of the plaque inverse limit at x, which, for some c, 
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becomes nontrivial if and only if x is an irregular point. Next, they construct 
various irregular points and compute their signatures. They show, that the sig¬ 
natures of the irregular points, which are the invariant lifts of super-attracting 
and attracting cycles, with respect to every critical point, have maximal ele¬ 
ments, while the signatures of all the points of the invariant lift of the boundary 
of certain Siegel disks, with respect to some critical points, have no maximal ele¬ 
ments. They also consider infinitely renormalizable maps with a priori bounds, 
including the case of quadratic map with the Feigenbaum parameter, construct 
certain irregular point, associated with these maps, and make some computa¬ 
tions of its signature. 

In this paper we: 

• Show that the local topology of plaque inverse limit at an irregular point, 
whose signatures, with respect to every critical point, have maximal ele¬ 
ments, differs from the local topology at an irregular point, whose signa¬ 
ture, with respect to some critical point, has no maximal element. Namely, 
we show that the signature of x, with respect to some critical point, has 
no maximal element if and only if there exists an open neighborhood U of 
x, such that for any open neighborhood V C U of x there exists a point 
v £ V, different from x, such that V — {u} consists of an uncountable 
number of path-connected components. 

• Study various cases of invariant lifts of parabolic cycles. We show that 
in some of these cases the signatures of the irregular points, with respect 
to every critical point, have maximal elements. We show in case in which 
the signature, with respect to a certain recurrent critical point, has no 
maximal element. It is not currently known if such a critical point exists. 
We perform some explicit calculations of signatures for all these cases. 

• Show all the irregular points, except the invariant lifts of super-attracting, 
attracting and parabolic cycles, have signatures with no maximal element 
with respect to some recurrent critical point. 

2 Definitions, Notations and Constructions. 

An inverse dynamical system is a sequence: 



of Riemann surfaces S.; and holomorphic branched coverings fi : Si +1 —> Si 
where all Si are equal to a given Riemann surface Sq and all /, are equal to a 
given holomorphic branched covering map / : So —> Sq of degree d. In this work 
we assume that 1 < d < oo and Sq is simply-connected — either the unit disk, 
the complex plane or the Riemann sphere. The critical points of / : Sq —> So 
are denoted by Ci, ..., Ck • Abusing the notations, we, for all i, regard / as a map 
from Si +1 onto S',; and regard Ci, ...,Cfc as points of every Si. 

The Plaque Inverse Limit [P.I.L.] S^ of an inverse dynamical system, intro¬ 
duced in IT], is the inverse limit in the category of locally connected topolog¬ 
ical spaces and continuous open maps. Thus, the underlying set of P.I.L. is 
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the set of all the sequences x = (xi £ Si ,£2 £ S 2 ,...) of points, such that 
fi(xi + 1 ) = Xi for i = 1,2,.... The topology of P.I.L. is the set of all the se¬ 
quences U = ( U\ C Si, 172 C S 2 ,...) of open sets, such that fi{Ui + 1 ) = Ui 
for i = 1,2,.... Finally, P.I.L. comes equipped with canonical projection maps 
Pi ■ Soo —»• Si, satisfying pi = fi o p i+1 for all i, where pi takes (xi, X 2 , •■•) £ Soo 
to Xi £ Si. In this work we will be interested both in the plaque inverse limit Soo 
and in its underlying topological space T 00l which comes without the projection 
maps onto Si. 

Recall, that the standard inverse limit Soo of the iterations of / : So —> So 
— the inverse limit inverse limit in the category of topological spaces and con¬ 
tinuous maps — has the same underlying set as the P.I.L., but is equipped 
with the Tychonoff topology. In the Tychonoff topology, the open sets are all 
sequences U = (U\ C Si, C /2 C S 2 ,...) of open sets, where fi{Ui + 1 ) = Ui for 
i = 1,2,..., such that there exists some number t, so that fif (Ui) = Ui + \ for all 
i > t. Thus, P.I.L. has more open sets than the standard inverse limit. To be 
more precise, the open sets of P.I.L. are all the connected components of all the 
open sets of the standard inverse limit. The projections maps pi are the same 
for both inverse limits. 

Recall, that a local basis for the topology of Soo at a point x consists of all 
open sets C/, containing x, such that each Ui is conformally equivalent to the 
unit disk in the complex plane. Each fi , restricted to Ui+ 1 , is conformally 
equivalent to some self-map z* of the unit disk of a degree t, between 1 and 
d. Such open sets U are called plaques. When we speak of a neighborhood of 
a point in Soo, we always assume it to be a plaque. Similarly, when we speak 
of a neighborhood of a point in a Riemann surface, we assume it to be simply 
connected. 

Recall, that a point x £ Soo is called regular if, for some neighborhood U 
of x, there exists n , such that U n +i+i contains no critical points of f n +i for all 
i = 0,1,2,.... Thus, f n +i : U n +i +1 —>• U n +i is a conformal equivalence. Oth¬ 
erwise, the point x € Soo is called irregular. Clearly, at a regular point P.I.L. 
has a natural Riemann Surface structure. It was shown in '1] that if x £ Soo 
is irregular then exists some open neighborhood U of x, such that for any open 
neighborhood V C U of x, removing x from V breaks some path-connected 
component of V into an uncountable number of connected components. Thus, 
a point x G Soo is regular if and only if exists some neighborhood U of x which 
is topologically homeomorphic to an open disk. 

In order to construct local invariants of P.I.L., called signatures, p/ introduced 
the Boolean algebra / of all classes of almost equal binary sequences and the 
er-lattice A, spanned by sets a(a) C / for all a G /, where a G I, where a(a) is 
the set of all b £ I such that b < a. To each point x of the P.I.L. and to each 
critical point c of /, a unique element sign(x,c ) of A was associated. It was 
called the signature of x with respect to c. It was proved that x is a regular 
point of P.I.L. if and only if the signature of x with respect to all the critical 
points of / is trivial. 

Definition 1. We denote the inverse system, associated with the iterations 
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/ : So —>• So, by S, the plaque inverse limit of S by Soo, and the underlying 
topological space of S^ by T [*,. 

Definition 2. An open set U = (U\, U ?,...) C Soo is called a plaque if each Ui is 
conformally equivalent to the unit disk and f, restricted to [/,+i, is conformally 
equivalent to a self-map z l of the unit disk of a degree t < d. 

In this work, whenever we consider an open neighborhood of a point in a 
Riemann surface, we assume it to be simply connected. Similarly, whenever we 
consider an open neighborhood of a point in S oo, we assume it to be a plaque. 
Open neighborhoods of points in X^, which we consider, are assumed to be 
connected. 

Recall the following definitions and results from [I]: 

The set of binary sequences, equipped with the operations V, A, defined 
by performing the binary operations or, and, not, respectively, in each coor¬ 
dinate of the sequences, is a Boolean algebra. Its partial order < is defined by 
b < a if and only if a V b = a. Its minimal and maximal elements are (0, 0,0,...) 
and (1,1,1,...), respectively. Two binary sequences are called almost equal if 
they differ only in a finite number of places. This “almost equality” is an equiv¬ 
alence relation, which respects the V, A, -i operations, the partial order <, and 
the minimal and maximal elements. Thus: 

Definition 3. The quotient I of the Boolean algebra of binary sequences by 
the “almost equality” equivalence relation is the Boolean algebra of all classes 
of almost equal binary sequences, equipped with the V, A, -> operations and the 
partial order <. Its minimal element is 0 = [0,0,...] and maximal element is 
X = [1,1,-.]. “ 

Definition 4. For every a £ I, the a(a) £ I is defined as the set of all b £ I 
such that b < a. 

Note that a(a) U a(b) C a(a V b ), a(a A b) = a(a ) n a(b), a(0) = {0}, and 
a(l)=I. 

Definition 5. The a-lattice A, spanned by all a(a), where a £ I, with the 
operations U and H, the minimal element {0}, and the maximal element I, is 
called the signature a-lattice. The elements of A are called signatures. 

Notice, that C defines a partial order on A , which is consistent with the 
partial order < of I under the map a. 

Definition 6. The map shift m : I I, for any integer m, takes each class 
[i] £ I to the class of the binary sequence, obtained from i by adjoining m initial 
0 entries to it if m > 0 or by deleting m initial entries from it if m < 0. The 
map shiftm : I I induced the map shift m : A —> A 

Notice, that shifty = Idi and shift m o shift- m = Idi for all to. 

The following theorem and its corollary, which are Theorem 10 and Corollary 
11 in [T|, are crucial for defining signatures sign(x , c) of points x £ Sbo and for 
distinguishing between signatures sign(x, c) with and without maximal element: 
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Theorem 7. Let [*i], [* 2 ], [* 3 ], and [fi], ^ 2 ], [^ 3 ], be elements of I. If 

a[ii] U a[i2] U 0 ^ 3 ] U ... = /3 = a[t\] fl a[^] H 0 ^ 3 ] fl... 

for some ft £ A, then there exist some natural numbers m and n such that 

a[ii] U ... U a[i m ] = ft = a\ti] l~l... n a[t n }. 

So, [ii] V ... V [ i m ] = [ti] A ... A [t n ] and ft = a([*i] V ... V [i m ]). 

Corollary 8. If a[i\] fla^] Ha^] n ... = a[i) for some [i\ £ I then there exists 
a finite number n such that [*i] A ... A [i n \ = [*]. 

Recall from pQ the following Definitions and Lemmas, describing index, sig¬ 
nature and shift operation: 

Definition 9. For an open neighborhood U C S^ and a critical point c £ So, 
the index ind(U, c) £ I of U with respect to c is the equivalence class of the 
binary sequence, which has 1 in its n th place if and only if c £ U n . 

Notice, that if V C U, then ind(V , c) < ind(U, c). 

Definition 10. For a point x £ Soo and a critical point c £ So the signature 
sign(x, c ) of x with respect to c is defined as 

OO 

sign(x, c) = Q a([ind(U(j),c)]), 

3 =1 

where (t/(l), t/(2),...) is an arbitrary sequence of open neighborhoods of x in Soo 
shrinking to x. 

Definition 11. For every integer m, the map shift m : I I takes each class 
[i] £ I to the class of the binary sequence, obtained from i by adjoining m initial 
0 entries to it if m > 0 or by deleting m initial entries from it if m < 0. 

Clearly, shifto = Idi and shift m o shift- m = Idj for all to. 

Lemma 12. The maps shift m : I I induce maps shift m : A —»• A. Again, 
shifto = Id a and shift m o shift- m = IdA- 

Lemma 13. The signature sign{x , c) does not depend on the choice of the 
sequence ( U (1), U (2),...). 

Lemma 14. A point x £ S^ is regular if and only if sign{x, c) = {[0, 0,0,...]} 
for every critical point c of f. 

Lemma 15. For any x,x' £ Soc, if sign(x,c)C\sign(x’,c) contains any element 
other than [0,0,0,...], then x = x 1 . 

Lemma 16. For any integer to and any point x £ Soo, we have: 

sign(f m (x),c) = shift_ m {sign(x,c)). 

The signature sign{x , c) has a maximal element if exists some a £ I such that 
sign(x,c) = a(a). Corollary [8] implies, that sign(x,c ) has a maximal element 
if and only if exists some neighborhood U C Soo of x such that sign(x, c) = 
ind(U , c). 
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3 Signatures and local topology at irregular points 

The crucial technique, which permits us to characterize different local topolo¬ 
gies at points with different types of signatures, is the interplay between local 
connectivity and local path-connectivity. This technique has already been intro¬ 
duced in utilized in [I] and used to produce Theorem 15 there. Here we further 
develop this technique. This permits us to make much sharper distinctions be¬ 
tween various local topologies of points of P.I.L. 

Two technical lemmas, which made this technique possible, were Lemmas 13 
and 14 in [Tj. Due to their importance, we reproduce them, without proofs, 
here as Lemmas fl9l and l3l Next, we state Theorem 15 of [1], in a somewhat 
stronger form, as our Theorem 1211 Next, in Lemma [55] we make an important 
observation, which, together with technical Lemmas [23j [M] and [55j permits us 
to enhance and refine the technique of juxtaposing local connectivity and lo¬ 
cal path-connectivity. Namely, we observe, that if a sequence of points of Soo 
converges in Tychonoff topology, but does not converge in the plaque topology, 
then only finitely many of the points of that sequence can be contained in any 
compact set and, in particular, connected by a path in Soo. This enhanced and 
refined technique now distinguishes the local topology at the irregular points, 
which have a signature with no maximal element, from the local topology at 
the irregular points, which do not have such a signature. 

Let X be a regular, first-countable topological space and z be a point in X. 

Definition 17. A sequence of open neighborhoods (17(1), 17(2),...) of z shrinks 
to z if U{i + 1) C U(i) for all i and for any open neighborhood V of z there 
exists some m such that U(m) C V. Thus, the set {17(1), 17(2),...} is a local 
base for the topology at z. 

Definition 18. Given a sequence sq = (z(l), z(2), z(3),...) of points in X. A 
path p : [0,1] — > X passes through the sq in the correct way if there exist some 
numbers 0 < ti < < ... < 1 such that z(m) = p{t m ) for all m = 1,2,.... 

Lemma 19. There exists a path p : [0, 1] —> X which passes through sq in the 
correct way if and only if sq converges to some point z £ X and 

p( lim t m ) = z. 

m—too 

Lemma 20. For every irregular point x £ Soo, there exists some open neigh¬ 
borhood U of x such that for any open neighboidiood V C U of x, there are 
infinitely many positive integers n( 1) < n{ 2) < ... for which V)i(i) contains some 
critical points of f n (i)-i while (U — H)n(i) does not contain any critical points 

of fn(i)— 1* 

Theorem 21. The signature of x £ Soo with respect to some critical point c is 
nontrivial if and only if there exists an open neighborhood U C Too of x such that 
for any neighborhood W C 17 of x, deleting x from W breaks the path-connected 
component of W, containing x, into an uncountable number of path-connected 
components. 

Proof. The proof of Theorem 15 in [Tj, actually, establishes that for any irreg¬ 
ular point x there exists a neighborhood U of x , such that deleting x from any 
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open neighborhood W C U of x breaks the path-connected component of W, 
containing x, into an uncountable number of path-connected components. To 
see this, notice, that the neighborhood U in Lemma 14 of (Tj can always be 
taken smaller and renamed to W. But, due to Lemma CE3 x is irregular if and 
only if the signature of x with respect to some critical point c is nontrivial. 

For the other direction of the theorem, notice, that every regular point has 
a neighborhood, which is homeomorphic to an open unit disk. □ 

Lemma 22. Let v = (v i,i> 2 ,...) be a point in Sbo and let sq = ...) 

be a sequence of points in Soo such that for some sequence of positive integers 
(m(l) < m( 2) < ...), for every positive integer n and for all m > m(n) we have 
w(m) n = v n . In other words, for every n, all the entries of sq, after the initial 
m(n) entries, have their first n coordinates the same as v. Then, if sq has a 
converging subsequence in Soo, the limit of that subsequence must be v. 

Proof. Let v' = (u(, ...) be the limit of a subsequence sq' = ...) 

of sq. For all n, the sequence (w(j(l)) n ,w(j(2)) n , ...) of points in S n converges 
to v' n £ S n . But all w(j(i)) n , with j(i) > m(n), are equal to v n . Since S n is 
Hausdorff, this implies that v' n = v n . □ 

The following lemma is related to Lemma and should be viewed as its ex¬ 
tension: 

Lemma 23. For every point x £ Soo such that for some critical point c, the 
signature sign{x , c) has no maximal element, there exists an open neighborhood 
U of x in S 0 o, such that for any open neighborhood V C U of x there exists an 
open neighborhood W of x, with its closure W contained inside V, and infinitely 
many positive integers n( 1) < n( 2) < ..., so that each (V — W) n (i) contains the 
critical point c, while all the (U —V) n ^ do not contain any critical points of f. 

Proof. First, notice, that for any open neighborhood V C Soo of x we can al¬ 
ways find some open neighborhood W of x, with its closure W contained in 
V, such that there are infinitely many positive integers m(l) < m(2) < ..., 
for which the level (V — W) m ^ contains the critical point c. Indeed, if for 
all open neighborhoods W of x, satisfying W C V, the set V — W contains c 
only in a finite number of its levels {V — W ) n , then for all open neighborhoods 
W' C V of x, the set ( U — W') also contains c only in a finite number of its 
levels ( U — W') n . That follows from the fact, that for any open neighborhood 
W' of x there exists an open neighborhood W of x, whose closure W is con¬ 
tained inside W'. But, (V — W') containing c only in a finite number of its 
levels would imply that ind(W',c) = ind(V,c). Since this would be true for all 
open neighborhoods W' C V of x, we get that sign(x,c ) = a(ind(V,c)). But 
this would contradict our requirement that sign[x , c) does not have a maximal 
element. So, for any neighborhood V of x there must exist infinitely many pos¬ 
itive integers m(l) < m(2) < ..., for which the level (V — W ) m q) contains the 
critical point c. 

Next, if this lemma is false, then for any open neighborhood 17(1) of x we 
can find some open neighborhood V C 17(1) of x, such that for any open neigh¬ 
borhood W of x, whose closure W is contained inside V, and for any infinite 
sequence sq = (n(l), n{ 2),...) of increasing positive integers, for which the levels 


(V — W / ) n (i) contain c, almost all the levels (17(1) — V) n (,) of the set 17(1) — V, 
except finitely many of them, contain some other critical points of f. Denote 
this V by 17(2). 

Now, for the open neighborhood U (2) of x we can find some open neighborhood 
V C 17(2) of x, such that for any open neighborhood W of x, whose closure 
W is contained inside V, and for any infinite sequence sq = (n(l), n(2),...) of 
increasing positive integers, for which the levels ( V — W) n (j) contain c, almost 
all the levels (17(2) — V) n ^ of the set 17(2) — V, except finitely many of them, 
contain some other critical points of /. Denote this V by 17(2). 

Proceed this way to define 17(3), 17(4),.... 

So, for any positive integer q, the open neighborhoods U(q) and U(q + 1) of 
x have the property, that for any open neighborhood W of x, whose closure W 
is contained inside U(q+ 1), and for any infinite sequence sq = (n(l),n(2),...) 
of increasing positive integers, for which the levels (U(q + 1) — W) n (,) contain 
c, almost all the levels (17(g) — U(q + l)) n (q of the set 17(g) — 17(g + 1), except 
finitely many of them, contain some other critical points of /. 

Now, fix some positive integer g, some open neighborhood W of x and some 
infinite sequence sq = (n(l), n(2),...) of increasing positive integers, for which 
the set U(q + 1) — W contains c in all of its levels (U(q + 1) — W) n yy Clearly, 
for any integer j between 1 and q, the set U(j + 1) — W also contains c in all 
of its levels (C/(j + 1) — W’) n (j), where i = 1,2, 3,..., while almost all the levels 
(17 (j) — 17(7 + l))n(») of the set U{j) — U(j + 1), except finitely many of them, 
contain some other critical points of /. Hence, for some positive integer to, all 
the open sets (17(1) - U(2)) m , (17(2) - 17(3)) m , ..., (17(g) - U{q + l)) m will 
contain some critical points of /. Since these sets are pairwise disjoint, all these 
critical points must be different. 

But / has only finitely many critical points, while we can fix q as large as 
we want. This leads to a contradiction. Thus, the lemma cannot be false. □ 

Lemma 24. The open neighborhood W and the increasing integers n{ 1), n( 2),... 
in Lemmanffll can be selected in such a way, that the sequence (/ n l 1 ) _1 (c), /"( 2 ) _1 (c),...) 
of points in (V — W)± = V\ — W\ converges to some point v\ £ V) — W\. 

Proof. For any open neighborhood V C U of x of Lemma 1231 we can find an 
open neighborhood V' of x, such that its closure V' is contained in V. By 
Lemma [231 there exists some open neighborhood W' of x, with its closure W' 
contained inside V', and infinitely many positive integers n( 1) < n(2) < ..., such 
that each ( V' — W')^) contains the critical point c, while all the (U — V ') n ^) 
do not contain any critical points of /. 

Since (V'—W')\ = V[—W[ is compact, we can find a subsequence (n'(l), n'(2 ),...) 
of the sequence (n(l), n( 2),...), for which the sequence (/" ^ _1 (c), f n ^ 2 ^ _1 (c),... 
converges to some point v\ € V{ — W{. Now take W to be any open neighbor¬ 
hood of x , such that its closure W is contained in W'. We get that v\ € Vi — Wi. 
Clearly, each (V — W ) n contains c, while all the (U — V) n ^ do not contain 
any critical points of /. □ 
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Lemma 25. The increasing integers n(l), n{ 2),... in Lemma [i%| can 6e selected 
in such a way, that in each level V q ofV, where q = n(i), n{i ) +1,..., n(i + 1) — 1, 
we can find 2* pairwise disjoint connected components 

W q ( l),Tr,(2),W g (3),...,W g (2 i ) 

of the open set f~ q+1 (Wi), so that for each Wn(i+i)_i(i)) where * = 1,2,... and 
j = 1,2, ...,2*, there are exactly two different sets Wn(i+i)(ji) an d W4(i+i) (j' 2 ) 
amongst the open sets 

W n{i+1) (l),W n(i+1) (2),W n{i+1) (3 ),.... W n(i+ i)(2 J+1 ), 
which map by f onto W4(j+i)-i(/)- 

Proof. Let m be the smallest integer, greater than 1, such that contains 

c. Then I4i contains at least one more connected component Wf, of 1 ), 

which is disjoint from W ra . Indeed, since I4i-i is a regular space, we can find 
an open, simply connected subset f2 m _i of V m -i, which contains W m -i and 
does not contain /(c). Let fl m be the connected component of 
which contains W m . Clearly, fl m C V m . Since the simply connected sets V m , 
Vm-i, fl m and fl m -1 have Euler characteristic 1, and since / : V m —> V m -i and 
/ : S2 m —>• fl m -1 are branched covering maps, it follows from the RiemannHur- 
witz formula, that the degree of / : V m —>• V m -i is greater than the degree of 
/ : fl m . —> fl m -i by, at least, the degree (the ramification index) of / at c minus 
one. But the degree of / at a critical point c is greater than or equal to 2. 
Thus, a generic point of W m -1 has a pre-image (under /) in V m , which is not 
contained in W rn . Hence, V m contains at least one more connected component 
of f~ 1 (W m - i), which is disjoint from W m . 

Denote by W' n , for all n>m , the pre-image of W' m under f m ~ n in V n . 

If the sequence (n(l), n(2),...) of increasing positive integers from Lemma 1241 
has an infinite subsequence (n/(l), n'(2 ),...), for which c is always contained in 
the set 14 ' (i) ~ then just replace positive integers n(l) < n(2) < ... in 

Lemma EH bv positive integers n'(l) < n'(2) < .... Notice, that for all n'(i), 
where i = 1 , 2 ,..., each connected component of Wf i ,, i+1 ^_ 1 has at least two 

connected components of W' n ,, i+ X )_, which are mapped by / onto W' n ,u_ |_i)_r- 

Let i(q) = 0 for q < n'{ 1), and for n'( 1) > q let i(q) be such a number, that 
n'{i) < q < n'{i + 1) — 1. We can, inductively on q , select some 2*^ pairwise 
disjoint connected components W q {l), W q (2), W q {3 ),..., W q ( 2*^) of f~ q+1 (Wi), 
in such a way, that for every W4'(»+i)_i(j) there are two different W4'(*-i-i)(ii) 
and W n , {i+1) {j 2 ) which are mapped onto W n ^ i+1 )_ 1 (j) by /. 

If the sequence (n(l), n(2),...) of increasing positive integers from Lemma EH 
does not have an infinite subsequence of indices n, for which c is contained in 
14 — Wf, then exists some integer v such that for all i = 1 , 2 ,..., the criti¬ 
cal point c, which is contained in X4(u+<), is actually contained in its subset 
W' n , +i y But this implies, that for all i = 1,2,..., the full pre-image W4(„+j) 
in I4(i>+q °f W n t v \ under d oes no t contain the critical point c. 

Thus, just replace positive integers n(l) < n(2) < ... in Lemma 1241 bv positive 
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integers n"(l) = n(v + 1) < n"(2) = n{v + 1) < .... For all integers n"(i), 
where i = 0,1, 2,..., each connected component of W' n „^ i+1 , ) _ l has at least two 

connected components of which are mapped by / onto W ' n „( i+1 )_ r 

Let i{q) = 0 for q < n"( 1), and for n"(l) > q let i{q) be such a number, that 
n"(i) < q < n"(i + 1) — 1. We can, inductively on q, select some 2 1 ^ pairwise 
disjoint connected components W q {l), Wg(2), W q {S ),..., W q {2 l ( q ' > ) of f~ q+ 1 {Wi ), 
in such a way, that for every W n »there are two different W n "(i+i){ji) 
and W„»(i+i)(j 2 ) which are mapped onto lF„«( i+ i)_i(jj by /. □ 

Theorem 26. Let x £ Soo be an irregular point such that, for some critical 
point c of f : Sq —> So, the signature sign{x,c) has no maximal element. Then 
there exists some open neighborhood U of x, such that for any open neighborhood 
V of x, whose closure V is contained in U, there exists a point v £ V, different 
from x, such that the open set V — {v} consists of an uncountable number of 
path-connected components. 

Proof. Let U be an open neighborhood of x such that, by Lemmas [23l [Ml and 
l25l for any open neighborhood V C U of x, we can find an open neighborhood 
W of x, whose closure W is contained inside V, and infinitely many positive 
integers n(l),n( 2 ),... so that: 

• (V— W / ) n (,;) contains the critical point c, while (U — V) n ^ does not contain 
any critical points of /; 

• The sequence (/"^ 1 ^~ 1 (c), / ra ^ - 1 (c),...) converges to some point v\ £ Vj — 

Wi; 

• For each q = 1,2,..., we can select 2* (where i is 0 for q < n(l), and i is such 
a number, that n{i) < q < n{i + 1 ) — 1 , otherwise) pairwise disjoint con¬ 
nected components W q ( 1), W q { 2), W q ( 3),..., W q (2 l ) of f~ q+ 1 (Wi), in such 
a way, that for every Wn(^i)_i(j) there are two different sets Wn(i+i) 0 'i) 
and W n{i+ 1 ) {j 2 ) among the sets 

Wn(i+ 1 ) (1), W n(i+ 1 ) (2), W n(i+1) (3),..., W n(i+1) (2 J+1 ), 

which map by / onto W n ^ i+ 1 ) _ 1 (j). 

Since each open set (V — W / ) n ( i ), for i = 1 , 2 ,..., contains the point c, all 
the points / ri («) _ 9(c), f n ( q+ 1 l~ q (c), /”( 9 + 2 )~ 9 (c)... must belong to the open set 
V q — W q for all q = 1,2,3,.... Since the point Vi £ V\ — W\ is the accumulation 
point of the sequence (J n ( 1 )- 1 ( c ), / n ( 2 ) - 1 (c),...), some pre-image v 2 £ V 2 — W 2 of 
v\ under / must be an accumulation point of the set {/™( 2 )~ 2 (c), / n ^ _ 2 (c),...}. 
By the same logic, some pre-image V 3 £ V 3 — W 3 of v 2 under / must be an ac¬ 
cumulation point of the set {/ n ( 3 l~ 3 (c), f n ^~ 3 (c ),...}. Continuing this way, 
we construct a point v = (vi,v 2 ,...) in V — W, such that each v q is an accu¬ 
mulation point of the set f n{q) ~ q (c), f n ^+^~ q {c), /«(9+ 2 )-9( c )... inside V q - W q . 

For any pathp : [0,1] —»• V— {w}, which connects any two points in V—{v}, there 
exists some positive integer m, such that the path p rn : [0,1] —»• V m avoids the 
point v m £ V m . Otherwise, for all * = 1,2,..., we can find points v(i) £ V — {u} 
with v(i)i = Vi, which belong to the compact subset p([0,1]) C V — {w} of Soo. 
By Lemma [Ml any converging subsequence of the sequence (u(l), v( 2 ),...) in 
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p([0,1]) must converge to v, which is not contained in V — {V}. But this is a 
contradiction. Thus, for each p : [0,1] —>• V — {r<} we have a positive integer m , 
such that the path p m : [0,1] —>• V m avoids the point v m £ V m . 

Let (0(1), 0(2),...) be a sequence of open neighborhoods of v in V — W shrink¬ 
ing to v. For every positive integer m, denote by T (to) the set of all paths 
p : [0,1] —>• V — {u}, such that the path p m : [0,1] —> V m does not enter the 
subset 0(m) m of V m . In other words, p m {{ 0,1]) D0(m) m = 0. Clearly, for all m, 
T(to) is a subset of T(m+1). From the fact, that for any pathp : [0,1] —> V— {u} 
exists some positive integer to, such that the path p m : [0,1] —>• V m avoids the 
point v rn £ Vm , and from the fact, that all the sets V m are regular spaces, it 
follows that the union of all T(m), as m = 1, 2,3,..., is the entire set of all the 
paths p : [0,1] —► V — {u}. 

For any m = 1,2,..., consider any path p : [0,1] —> V — {u} from the set of 
paths T(m), which connects the point x to a point x' £ V — {u}, where x\ = X\ 
and each x' q . for q = 2,3,..., belongs to some set W q (j ), described in the item¬ 
ization above. Since, the path p m : [0,1] —» V m avoids the subset 0(m) m of V m , 
the closed pathpi : [0,1] —> V — {v} has some looping number around almost all, 
except a finite number, of the points of the sequence (/"W -1 ^), /"^ -1 (c),...). 
Thus, the point x can be connected to a countable number of different points 
x\ where x\ = X\ and each x' q , for q = 2,3,..., belongs to some W q (j ), by paths 
from Y(m). But the union of all T(m), as m = 1, 2,3,..., is the entire set of all 
the paths p : [0,1] —> V — {u}. But it follows from Lemma E5l that there is an 
uncountable number of different points x' in V — {r'}, with x\ = X\ and with 
each x' q , for q = 2, 3,..., belonging to some W q (j). Indeed, we have two different 
choices for each x' n ^, as i = 2, 3,.... Thus, V — {u} has an uncountable number 
of path-connected components. □ 

Corollary 27. If x £ Soo is an isolated irregular point , and for some critical 
point c of f : Sq —> So, the signature sign(x,c ) has no maximal element, then 
there exists some open neighborhood U of x, such that for any open neighborhood 
V CU ofx, the open set V consists of an uncountable number of path-connected 
components. 

Proof. By Theorem [26l there exists some open neighborhood U' of x, such that 
for any open neighborhood V C U of x there exists a point v £ V, different 
from x, such that V — { v } consists of an uncountable number of path-connected 
components. Since x is an isolated irregular point, there exists some open neigh¬ 
borhood W of x in Soo, which does not contain any irregular points other than 
x. Take U = U'nW. 

Now, for any open neighborhood V C U of x there exists a point v £ V, 
different from x, such that V — {u} consists of an uncountable number of path- 
connected components. But this point v is a regular point. Hence, there exists 
some open neighborhood A of v in Soo, which is homeomorphic to an open 
unit disk. Thus, A — {u} is path-connected. So, removing v from V does not 
disconnect any path-connected components of V. Hence, V must consist of an 
uncountable number of path-connected components. □ 

Theorem [55] below asserts that the other direction in Theorem [55] is also 
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true: 


Theorem 28. Let x G Sao be an irregular point, such that for some every point 
c of f : So —t So, the signature sign(x,c ) has a maximal element. Then there 
exists some open neighborhood U of x, such that for any open neighborhood 
V C U of x and for any point v G V, different from x, the open set V — {u} is 
path-connected. 

Proof. We are going to show that for any point y G V — {w}, we can connect y 
to x by a path inside V — {v}. If y = x this statement is obvious. Hence, we 
assume that y ^ x. 

Let Ci,.... c K be all the critical points of /, such that the signature of x with re¬ 
spect to them is nontrivial. For any critical point c, by Corollary [Si there exists 
some neighborhood U of a; in S^, such that the equivalence class ind{U,c ) is 
equal to the maximal element of sign{x, c). Since / has a finite number of crit¬ 
ical points, we can select U is such a way that ind(U, c ) is the maximal element 
of sign(x, c ) for every critical point c of /. Let (W(l), W{2),...) be a sequence of 
neighborhoods of x shrinking to x such that W(l) = V and W(i + 1) C W(i) for 
all i = 1,2,.... Let h be the maximal positive integer, for which W(h) contains 
y. This number exists, because y ^ x and Soo is a Hausdorff space. For all 
i = 1,2,..., let n(i) be the minimal positive integer such that for all n > n(i), 
( U — W{i)) n does not contain any critical points of /. All these minimal in¬ 
tegers n(i) must exist, because ind(U, c) = sign{x, c) for each critical point c, 
which implies that ind(U, c) = ind(W(i), c), and / has a finite number of critical 
points. Let w(i ) n (,) be a point on the boundary of W(i) n u). 

We connect y n{h+1) to w(h + l)„( ft+ i) by any path p„ {h+1) : [0, ±] ->• (W{h) - 
W(h+l)) n (h+i)- If v is contained in W{h) — W[h.~ 1 - 1 ), we select this path 
in such a way, that it avoids the point v n ( h+1 ). Since (W(h) — W{h + 1))„, 
for all n > n{h + 1 ), does not contain any critical points of /, the path 
Pn(h+ 1 ) ■ [0) 2 ] (W{h) — W(h + l)) n (/i+i) has a unique lift to the path 

Pn : [0, |] ( W{h ) — W(h + 1))„ which connects the point y n to some point 

w(h + 1 ) n in the boundary of W(h + \) n . This point w(h + \) n must be¬ 
long to the boundary of W(h + l) n because it follows from the RiemannHur- 
witz formula, similarly to how it was applied in the proof of Lemma 1251 that 
f n ( h +i)~ n (W{ h + l) n(h+i)) has only one connected component inside V n , which 
is W(h + l) n . Now, for all positive integers n < n{h + 1) we define p^ = 
(, f n (h+i)-n : [ 0 ,1] —>• (W(h) — W(h + 1))„. Thus, we obtain a path 

p h : [0, 5 ] —>• ( W(h) —W(h + 1)), which connects y to a point w(h + 1) in the 
boundary oiW(h+ 1). 

Next, we connect w(h+l) n {h+ 2 ) to w(h+ 2) n (/ l+2 ) by any pathp^+ 1 +2) : [\, |] -)• 
(' W(h + 1) — W{h + 2)) n{h+2) . If v is contained in W(h + 1) — W(h + 2), we 
select this path P n ^ + 2 ) suc h a way, that it avoids the point v n (h+ 2 )- Since 
(W(h+1) — W(h + 2)) n , for all n > n(h + 2), does not contain any critical points 
of /, the path p^+ 2) : f ]-> {W{h + 1)-W{h + 2)) n{h+2) has a unique lift 

Pn +1 '■ [f> |] ~t (W(h + 1) — W(h + 2)) n which connects the point w(h + 1)„ 
to some point w(h + 2) n in the boundary of W(h + 2) n . Now, for all positive 
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integers n<n(h + 2) we define p b+1 = (f n ( h +‘ 2 )~ n o p^ +2) ) : [±, § ] ->• (W(h + 
l) — W(h + 2)) n . Thus, we obtain a path p h+1 : [|, |] —>• (W(h+ 1) — W(h + 2)), 
which connects w(h + 1) to a point w(h + 2) in the boundary of W[h + 2). 

Next, we connect w{h+ 2) n(/i+3 ) to w(h+^) n ( h + 3 ) by any path p^ 2 ^ : [§, |] ->■ 
(W(h + 2) — W{h + 3)) n ( ?l+ 3). If v is contained in W(h + 2) — W(h + 3), we 
select this path p^^ + 3 ) in such a way, that it avoids the point v n ^ +3 y Since 
(W(h + 2) — W(h + 3)) n , for all n > n(h + 3), does not contain any critical points 
of /, the path p(^+ 3 ) : [§, |] -t (W(h + 2) - W(h + 3)) n(ft+3 ) has a unique lift 
Pn +2 '■ |] {W(h + 2) — W(h + 3)) n which connects the point w(h + 2) n to 

some point w(h+ 3) n in the boundary of W(h+3) n . For all positive integers n < 
n(h+ 3) we define p ^+ 2 = {f n{h+ 3 ) ~ n op^ +3) ) : [§, |] (W(h+2)-W(h+3)) n . 

Thus, we obtain a path p h+2 : [|, |] —> ( W(h + 2) — W{h + 3)), which connects 
w{h + 2) to a point w{h + 3) in the boundary of W(h + 3). 

Continuing this way, we, for all 6=1,2,..., construct paths p h+b : [1 — (i) b , 1 — 
(i) b+1 ] —>■ (W(h + 6) — W(h + b + 1)), which connect the point w(h + 6) in the 
boundary of W(h + b) to the point w(h + b+ 1) in the boundary of W(h + b+ 1). 
By our construction, all these paths avoid the point v. Finally, we define the 
path p : [0,1] —> V — {?;} by: 

• For 0 < t < i set p(t) = p h (t); 

• For each 6=1,2,for 1 — (i) h < t < 1 — (^) b+1 set p(t) = p h (t); 

• For t = 1 set p{ 1) = x. 

It is straightforward to verify, that the path p is contained inside V , connects y 
and x , and avoids v. □ 

4 Signatures — Parabolic and Cremer cycle cases 

It has been established in Theorem 33 of [T] that the invariant lifts of attracting 
and super-attracting cycles to Soo are irregular points, whose signature with re¬ 
spect to any critical point has a maximal element. Likewise, it was established 
there, that the invariant lift of a parabolic cycle is an irregular point, which, 
with respect to some critical point, has a nontrivial signature with a maximal 
element. 

In this section we show, that for some cases of the invariant lift of the parabolic 
cycle, its signature with respect to some critical point might have no maximal 
element. Furthermore, we give a necessary condition for the invariant lift to 
have only signatures with maximal elements. Additionally, we investigate sig¬ 
natures of points, belonging to the invariant lift of the boundary of immediate 
basin of attraction of certain parabolic cycles. We also show, that the invariant 
lift of the Cremer cycle always has a signature with no maximal element with 
respect to some critical point. 

Whenever a function / : Sq —>• So have a cycle of period n of a certain type, 
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the function f n : Sq —> So has n fixed points of the same type. Thus, we will 
investigate here the cases of parabolic and Crerner fixed points, but our results 
apply in the general situation of cycles of period n. 

Let / : So —> Sq have a parabolic fixed point xq G S'o and let x = (x\ = 
Xo ,%2 = Xo,...) be the invariant lift of Xq to Soo- Assume, that the boundary 
SB of the immediate basin of attraction B of Xq does not contain any critical 
points of /. Then it follows from the Leau-Fatou flower theorem, that there 
exists a “small-enough” open neighborhood U\ of xi, such that for any open 
neighborhood V c f/i of x\ and any point yo G So = Si = S 2 = ■■■■ 

• If yo B, then there exists an integer n such that yo V, for all i > n; 

• If yo G B , then there exists an integer n such that yo G V, for all i > n. 

Here V is the pullback of V\ along x. Thus, we obtain the following Lemma: 

Lemma 29. If the boundary SB of the immediate basin of attraction B of a 
parabolic fixed point xq does not contain a critical point then all the signatures 
of the invariant lift x of xq have maximal elements. 

Proof. For the critical points c, contained in B, we will have ind(V , c) = [1,1,1,...] 
for all “small enough” neighborhoods V of x. Thus, sign{x, c) = [1,1,1,...]. For 
the critical points c, not contained in B, we will have ind(V. , c) = [0, 0,0,...] for 
all “small enough” neighborhoods V of x. Thus, sign{x,c ) = [0,0,0,...]. □ 

Lemma 30. If the boundary SB does contain some critical points, but they are 
all pre-periodic, then all the signatures of the invariant lift x of xq have maximal 
elements. 

Proof. Let c G SB be pre-periodic. Thus, for some integer m > 0, f m (c) 
belongs to some cycle, while / m_1 (c) does not. If f m (c) ft xo then we can take 
a small enough neighborhood of xo, so that none of the points of the cycle which 
contains f m (c) are contained in that neighborhood. Clearly, all the pre-images 
of that neighborhood along x will not contain c. Suppose that f m (c) = Xq- 
For any neighborhood U of x all the levels of U, starting from some U n and 
up, will contain all the inner critical points of B. Hence, U n will contain all 
the pre-images of xo in SB. And U n + 1 will contain all the pre-images of all 
these pre-images in SB. And so on. Thus, c will be contained in all the sets 
U n+ m , U n+m - fi, U n+ m+ 2 , which implies that sign(x,c ) = [1,1,1,...]. □ 

Assume now that a critical point c, contained in the boundary of the imme¬ 
diate basin of attraction of a parabolic cycle, is not pre-periodic. From Theorem 
1 of [9] it follows that for a polynomial function f(z) the boundary SB of a con¬ 
nected component B of the immediate basin of attraction of a parabolic cycle 
is a Jordan curve. Passing from f(z) to some finite iterate of f(z), permits 
us to assume that f(B) = B. Thus, the Riemann conformal homeomorphism 
(j> : B —y ID) from B onto the open unit disk, which conjugates / : B —► B 
with some finite Blaschke product /? : D —>• D, can be extended to a continuous 
homeomorphism (f> : B —> D, which also conjugates / and /3. Furthermore, (f> 
can be selected in such a way, that it takes the parabolic point to +1. Then 
+1 G D will be the parabolic Denjoy-Wolff point of /3 (see page 2 in ED- 
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Lemma 31. Let ft : D —» D be a Blaschke product of a finite degree d with 
a Denjoy-Wolff point at +1. Then there exists a continuous automorphism 
ip : S 1 —»: S' 1 , which conjugates j3 and z i—>• z d on the boundary of D, and 
¥>(+ 1 ) = + 1 - 

Proof. Recall, that a finite Blaschke product of degree d is of the form 




adZ d + + Qq _ 2 7r0-i _ TT z ~ h 

a 0 z d + ... + da 6 M 1 ~ ^ tZ ’ 


where all the solutions bi,...,bd of the equation (3(z) = 0 are contained inside 
D. By Gauss-Lucas theorem (see jB| - Theorem 6.1), all the critical points of 
j3 : D —s- D are contained inside the convex hull of its zeros bi,...,bd, which 
is contained inside ID). Thus, f : S 1 —K S 1 is a d-fold covering map with no 
branching points. Moreover, it is easy to see that, since a point 2 in the Rie- 
mann sphere has d pre-images under /3~ x counting them with multiplicities, 
/3 _ 1 (5' 1 ) = S 1 . Since S ' 1 belongs to the Julia set of /3, this implies, that for any 
open angular arc (e 271 '^" 8 , e 27r ( e + e )" i ) c S 1 , the union of its images under the 
forward iterations of /3 will cover the entire S ' 1 except, maybe, one or two points. 


Set ip 1 (e 2,I '^)' z ) j for j = 0, ...,d— 1, to be the d solutions of /3{z) = +1, taken, 
starting with +1, counterclockwise. Clearly, for each j = 1,..., d— 1, the equation 
(3(z) = ^ _ 1 (e 27r ^)'*) has d different solutions, each belonging to the different 
open arc (ip~ 1 (e 27T( -^"‘), ip~ 1 (e 27T ^~^~)'*), where t = 0,..., d— 1. Indeed, each open 
arc is mapped by ft onto S 1 — {+!}■ Set p~ 1 {e 2n< ' 1 2 )'*), for j\ = 0,..., d — 1 


andj 2 = 1,..., di, to be the solution of /3(z) = ip 1 (e 2 ’ r ^^' 1 ) contained in the arc 


{ip 1 (e 27r ^ 


' l ),ip 1 (e 27 r ^ ;il 3 _ ^' l ). It is easy to check, that /3 2 takes each open arc 


for juh = 0. d-1, onto 5 1 - {+!}. 

We proceed this way to define ip 1 for all e 2 ’ 1 ’ 4 '* with the the rational numbers t 

of the form — - +J2 ^„ — + '" +3 " for all n = 1 , 2 ,..., where j\ ,..., j n = 0 ,..., d— 1 . 

The continuity of this map follows from the fact, that both ip~ 1 {e 2n ^ t+ ^ rr ' ) '' 1 ) and 

I/O (4- 1 \ -t . rt /j. -i I {d —1 ')d n 1 +(d —1)^71 — 1 —|—... —(c2 — 1) \ • 

o- 1 ie 27r ( t -yr)' 1 ) = (^- 1 (e 27r(t_1+ --— d «- 1 — i )-* 


<P~He 


*), for any rational 


number t of the above described form, are converging to i p~ 1 {e 2 ^ t " 1 ) as n —> oo. 
Indeed, if ip~ x (e 27 r ( t+ 3’G' 1 ) converges to some e 2n ( t + e )" 1 W e would obtain an arc 
(e 2?r ( 4 )'b e 27 r ( t+ 2 £ )'*) C S ' 1 such that the union of all its forward iterates does not 
contain some open arc in S 1 . 


Next, we extend <p ~ x , using continuity, to all e 2n ^' 1 for any real 0 < t < 1. 
By its construction, ip~ l conjugates z z d and /3 at all d n roots of +1 for all 
n = 0,1, 2,.... Thus, ip conjugates (3 with z z d for all the points of S 1 . □ 

Thus, to compute the signature of the invariant lift x of the parabolic 
fixed point xo, we need to select any sequence of decreasing positive num¬ 
bers (ei, £ 2 , ---), which converges to 0, and define b t G /, for t = 1,2,..., as 
the class the binary sequence which contains 1 in its q th place if and only if 
| ip{(j>{c)) dq — 1| < e t . If ip{(f}{c)) = e 2n ( e ' 1 " 1 for some irrational 9, then q are all 
integers, for which the inequality \d q ■ 9 — p\ < et, for some integer p , has solu¬ 
tions. Now one applies the arguments, similar to the ones, used in Lemma 37 
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of PP, to show that sign{x , c) has no maximal element. 

Currently, we do not know any examples of critical points on the boundary 
of the immediate basin of attraction of a parabolic cycle. However, we do not 
know any argument, why such a point cannot exist or, if it does exist, must be 
pre-periodic in a polynomial case. Note, that such a non-pre-periodic critical 
point will be recurrent, since the forward orbits of z = ip{(j){c)) G S 1 under 
2 i—>- z d will contain z in their w-limit. 

Now we address a generic irregular point x = ( Xi,X 2 , ■•■) G Soo , which is not 
an invariant lift of a super-attracting, an attracting or a parabolic cycle. Recall 
Lemma 3.5 from [3], which can be viewed as a stronger version of Mane’s Theo¬ 
rem II (b) from [5]. Here we state and prove a slightly stronger version of these 
two results. Just like in the proof of Marie, on page 2 of [5], we too can assume 
that /(oo) = oo and that x\ has a neighborhood, which does not contain oo. 
Thus, we can deal only with subsets of the complex plane. Denote by disk(z, r) 
an open disk of radius r around a point z in the complex plane. 

Theorem 32. There exists a critical point c, such that for any open neighbor¬ 
hood $ = ($i, $ 2 , •■•) C Soo of x there exist infinitely many positive numbers 
n± < n 2 < ..., so that $ contains c in all of its levels and for every 

1 = 1,2,..., c is a limit point of the set {f nj ~ ni (c) \ j = i + 1, i + 2,...}. 

Proof. Assume that the theorem is wrong. Then exists some <5o > 0 such that 
for any open neighborhood $ there is no critical point c, for which exist integers 
0 <t\ <t 2 satisfying 

c G / -tl ( disk(c , 5 0 )) D $ tl 
c G f~ t2 {disk(x i, S 0 )) (~l $ t2 . 

Comparing this to part 1) of Mane’s proof on page 5 of [5], taking <5 in part 6) 
of that proof to be small enough, that the closure of the entire square of center 
x and radius 5 + 2- |+ 2- ^-|-2-^ + ... is contained inside $i, and redefining 
c(U, n ) on page 2 of [5j, for all open U C $i, to be defined now as the set of all 
connected components of f~ n {U ) f~l $ n , permits us to repeat Mane’s argument 
for our Theorem. The only part, which needs to be justified, is the modified 
version of Lemma 2 on page 7 of [5|. Namely, that if U C $1 is an open neigh¬ 
borhood of x\ and V G c(U,n) satisfies diam(f l (V)) < S 0 for 0 < i < n then 
A(V,n) <N 0 . 

Before we prove this modified version of Lemma 2, we make two very important 
notes. The first note is, that, both in Mane’s proof and here, A(V, n) is the num¬ 
ber of different points z G V, for which (f n )'{z) = 0. The algebraic multiplicity 
of these points should not be counted. Since the distance between X\ and any 
super-attracting periodic point of / is greater than some fixed positive number 
and since / has a finite degree, there exist a neighborhood H of X\ and two 
fixed positive numbers T\ and 72 such that for any open set U C H, any n, and 
any connected component V of f~ n (U), n • A (V,n) < A r (V,n) < r 2 • A (V,n), 
where A'(H, n) is the number of different points z G V, for which ( f n )'{z ) = 0, 
counted with algebraic multiplicity — the definition, given for A (V,n), on page 

2 of Mane’s work. Thus, A r (V,n) and A (V,n) are interchangeable in Lemma 
1 and, consequently, in 6) on page 5 of [5]. The second note is, that, both 
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in Mane’s work and here, Nq should be defined as k ■ deg(f ) k ~ 1 , where k is 
the number of different critical points of /. Defining No just as the number of 
different critical points of / is not sufficient, since in the proof of Lemma 2 of 
[5i the case m\ = m 2 yields dist(f°(c),c) < <5o> which does not contradict the 
requirement 1) from page 5 of [5]. Obviously, that this change in the definition 
of the fixed number Nq also causes the values of Ni in 5) and of S in 6) on page 
5 of Mane’s work to change. 

If for two integers 0 < i\ < i 2 < n and two points y' n +i,y'n+i € Id we have 
f il (y'n+ 1 ) = P 2 Wn+ 1 ) = c for some critical point c of /, then c = f il (y' n+ 1 ) is 
contained inside 

r{V) C n Qn+l-n c r-^{disk{c,5o)) n 

while that same c = /* 2 (y" +1 ) is contained inside 

r(V) c r~ n {f n {V)) n$„ +1 _ i2 c f*- n (disk(x,6 0 ))n$ n+1 - i2 , 

which contradicts our choice of 5q. Thus, each critical point c of / can appear 
at most in one of the sets V, f(V), f 2 {V),..., f n (V). Since / has k different 
critical points, and the branching number at each one of them is < deg(f ), we 
get that at most deg^f)^ 1 different points y n +1 € V can have f z (y n + 1 ) = c 
for some 0 < i < n. Since / has k different critical points, we see that at most 
k ■ deg(f ) k ~ 1 different points y n +i € V can have f l {y n + 1 ) equal to some critical 
point of / for some 0 < i < n. But (f n )'{y n+ 1 ) = 0 if and only if f l {y n + 1 ) is 
equal to some critical point of / for some 0 < i < n. This completes the proof 
of the modified version of Lemma 2 and of our theorem. □ 

Theorem 33. Let x = (xi,X 2 ,---) G Soo be an irregular point, which is not 
an invariant lift of a super-attracting, an attracting or a parabolic cycle. Then 
exists a recurrent critical point c, such that sign(x,c ) does not have a maximal 
element 

Proof. By Theorem [32j there exists a critical point c, such that for any open 
neighborhood $ = ($ 1 , $ 2 ,...) C S oo of x there exist infinitely many positive 
numbers n\ < n .2 < so that $ contains c in all of its levels Q ni , and for every 
i = 1,2,..., c is a limit point of the set {f ni ~ ni (c) \ j = i + 1, i + 2,...}. This 
c, since it is a limit point of the set {f nj ~ ni (c) \ j = 2,3,...}, is recurrent. For 
any neighborhood <I> of x and infinitely many positive numbers ni < 712 < 
as above, take neighborhood T C $ of x to be such, that its closure T ni does 
not contain c. This is always possible, since x ni ^ c and S ni is a regular 
space. Let (nj 1 ,nj 2 ,nj 3 ,...) be a subsequence of (ni, 712 , 713 ,...) such that the 
sequence (f njl -ni (c), /"J 2 _ni ( c ), f n i 3 ~ ni (c),...) converges to c. Then almost 
all, except a finite number of, the levels , '$’ nj2 , , ••• will not contain c. 

Thus, ind(^t,c) < md($,c), which, by Corollary[5J implies that sign(x,c) does 
not have a maximal element. □ 

Finally, we address the question of existence of isolated irregular points in 
plaque inverse limits. By Corollary[27J plaque inverse limit at such points would 
be locally connected but not locally path-connected. 

It is know from Theorems 4.1 and 4.2 of [2] that the invariant lift a; of a Cremer 
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cycle is not an isolated irregular point. Indeed, for any Crerner fixed point xq 
of / we have some open neighborhood fio of a;o in which / is univalent and 
in which there exists a univalent branch g of / -1 with g{x o) = xq. Hence, by 
Theorem 4.1 of [23, for any open neighborhood Uq of xq, with Uq C D 0 , there 
exists a compact, connected set H C Uq, containing the Crerner point xq and 
one or more points from the boundary of Uq, which is a full continuum in a Julia 
set of / and satisfies f(H) = H and g(H) = H. Such H is called a hedgehog of 
Xq. Theorem 4.2 of [2] asserts that the invariant lift of H to Sbo consists only 
of irregular points. Thus, any open neighborhood U of x, with Uq C Do, will 
contain an uncountable number of irregular points, different from x. 

All the points of the invariant lifts of the boundaries of Siegel disks and Herman 
rings are irregular (see [4] and DP)- Thus, these invariant lifts do not contain 
isolated irregular points. 

Finally, we consider the invariant lift x of the parabolic fixed point xq = 0 
of a polynomial function f(z) with a non-pre-period, thus recurrent, critical 
point c on the boundary SB of a connected component B the immediate basin 
of attraction of Xq = 0. Assume that f(B) = B. The forward orbit of c is dense 
in SB. Consider any neighborhood U\ of X\ = Xq. After some finite number of 
pull-backs of U x along x, all the further pullbacks will contain all the critical 
points inside B. Thus, we can assume that U\ already contains all these critical 
points. Consider any point y\ G U\ and take any sequence (Vi(l), Vi(2),...) of 
open neighborhood of y\ converging to y\. We can select some pre-images y -2 of 
?/i, 2/3 of 2 / 2 , •••, y qi of y qi — 1 in SB so, that the pullback V^(l) of Fl( 1 ) along 
y qi contains c. Now, we can select some pre-images y qi +\ oiy qi , ..., y q2 of y q2 — 1 
in SB so, that the pullback V q2 (2 ) of Vi(2) along y q2 contains c. Continuing this 
way, we construct an irregular point y = (j/i,...), which is contained in the lift 
of U\ along x. Thus, x is not an isolated irregular point. 

Currently, we do not know any examples of an isolated irregular point, which 
has a signature with no maximal element. 
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